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A Monte Carlo event generation method is presented that integrates multiperipheral
models with good efficiency for all energies and all multiplicities up to 18.

The multiperipheral model [1] has been the subject of considerable theoretical
investigation in recent years. In order to predict experimental results from this
model it is necessary to perform phase space integrals of the form R = [, r(¢) d*¢,
where ¢ is a point and d”¢ a volume element in the (3n — 4)-dimensional phase
space, and v is the total phase space volume accessible to the final state. The
integrand r(¢) is the transition matrix element squared calculated from the model.
Because of the complexity of these phase space integrals, Monte Carlo techniques
are often employed for their evaluation.

Detailed descriptions of Monte Carlo event generation are discussed elsewhere
[2, 3] and only some of the basic concepts are discussed here. The Monte Carlo
method consists of generating a sampe of N random events in the phase space
volume v according to a normalized frequency f(¢$) and, averaging r(¢)/f(¢) for
these events. Then

R = (1/N) Z:l r($IIf (), m

where ¢, is the phase space point corresponding to the ith random event. The
statistical uncertainty in this evaluation is SR = o(r/f) N~'/2, where o(r/f) is the
root-mean-square deviation of r(¢)/f (¢) from its average value R.

There are several variations of the multiperipheral model, but they all have in
common the property that the four-momentum transfers squared from the beam
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(or target) particle to certain final-state particle combinations are severely limited.
This property is summarized by the transition matrix element squared:

n—1

r($) = exp (¥ aii), @

i=1
where the ¢, are the (n — 1) four-momentum transfers squared that are limited
by the model and the a; parametrize the degree of limitation. The particular ¢,
that the multiperipheral model limits are most easily described by the use of the
multiperipheral diagram of Fig. 1. The two lines on the left represent the momenta
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Fic. 1. A multiperipheral graph for an s-particle final state (see text).

of the two incident particles, and the lines on the right represent the momenta of
the n final-state particles. The vertical lines linking the final-state particles represent
the four-momentum transfer squared from incident particle @ to the combination
of particles above each link. These are the four-momentum transfers squared that
appear in Eq. (2). Note that by momentum conservation these ¢; are also the four-
momentum transfers squared from incident particle b to the particle combination
below each link.

For a given number of Monte Carlo events the statistical uncertainty dR of
the integration depends critically upon the phase space frequency distribution of
the events f(¢). The more closely f($) resembles r(¢) the higher the accuracy for
the same number of Monte Carlo events. The accuracy of a Monte Carlo integra-
tion is usually characterized by its efficiency e, which is defined as R? divided by
the average of [r(¢)/f($)]%. This efficiency is equal to one for the case f(¢) = #(¢)
and is smaller the more f(¢) deviates from r(¢). In terms of the efficiency the
fractional statistical uncertainty in the Monte Carlo integration is given by

(OR/R) = (1]e — 112N-1/2, 3
The computational time required to evaluate Monte Carlo integrals grows linearly
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with the number of events required. Therefore, to minimize this time, the efficiency
should be as large as possible.

Early Monte Carlo event generators [2, 4] generated events with nearly constant
phase space frequencies. These generators have good efficiency for integrating a
constant matrix element squared, r(¢) = 1, but they have a very low efficiency for
integrating the multiperipheral model. This is because the model severely limits
the ¢; in Eq. (2), while the generator produces events whose #; are roughly evenly
distributed in the entire kinematic range.

Recently there have been several methods developed that improve the efficiency
of Monte Carlo integrations for models of high-energy collisions [3, 5-7]. Noting
that an experimental property of high-energy collisions is the limiting of the final-
state particles’ momenta transverse to the beam direction, Pene and Krzywicki [6]
as well as Kittel, Van Hove, and Wojcik [7] have developed an event generator
with a phase space frequency distribution that can be approximated by

n

@) = exp (b 3. p2). @)
The p, are the components of the final-state particles’ momenta transverse to the
beam direction. This generator integrates several models of high-energy collisions
with good efficiency. However, most multiperipheral models concentrate the
longitudinal momentum of the final-state baryons at large values, whereas this
generator produces them with a more or less constant phase space distribution.
This results in low efficiency for integrating these multipheripheral models.
Adressing themselves specifically to multipheripheral models, Byckling and
Kajantie [5] have developed a Monte Carlo event generator that produces events
with a phase space frequency that can be approximated at high energy by

n—1 .
f($) = 1-11 iy €XP @[t — )] )
Here the #, are the same as those appearing in Eq. (2). The #;+ are the maximum
values for each corresponding #; . These maximum values vary from event to event
and depend upon the values assigned to the integration variables generated before
the specific #; . Each u, is the invariant mass of the final-state particle combination
for which ¢, is the four-momentum transfer squared. This generator integrates the
multiperipheral model of Eq. (2) with good efficiency as long as the energy is not
too high or the multiplicity (numer of final-state particles, #) is not too large.
Table Ia shows the efficiency of this generator for various multiplicities and labo-
ratory beam momenta, for the reaction pp — pp(n — 2)w, where the a; in both
Eq. (2) and Eq. (5) are all taken to be 4.0.
This report presents a Monte Carlo event generation method that integrates
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TABLE 1

Efficiency of Monte Carlo integration for the matrix element squared r¢) = exp (¢ Z::: 1)
as a function of the laboratory beam momentum, P, and final state multiplicity,
n, in the reaction pp — pp(n — 2)m
(a) for the generation method of Refs. {3, 51;
(b) for the generation method of this report.

P — 50 GeV/c 200 GeV/e 1000 GeV/c
n
4 @) 0.20 0.14 0.08
® 0.83 0.86 0.80
8 (a) 0.002 0.0007 0.0002
(b) 0.41 043 0.43
16 (a) ~0.00005 <0.00002 <0.00002
(b) 0.06 0.07 0.09

multiperipheral models with good efficiency for all energies and all multiplicities
up to 18. Table Ib shows the efficiencies achieved with this generator for the same
conditions discussed above for Table Ia. Other multipheripheral models can be
integrated with similar efficiencies.

In order to understand this generation method it is necessary to understand the
reasons why the frequency distribution of Eq. (5) loses efficiency with increasing
energy and multiplicity. This is most easily done by first considering the special
case in which all of the particles in the reaction have zero rest mass. For this case
one has

7 = tia(pralprasn)®, (6)
with #,, = 0. Inserting this into Eq. (5)’,one has
£ =TT e expladtc ~ tiaGaos (7a)
or (neglecting constant factors)
£(#) = explarty Em.exp{[ai — el 3. ()

The n — 2 invariant masses are generated first with frequency
. . -
=2
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and then, using these invariant masses, the » — 1 four-momentum transfers
squared are generated with the frequency

n—1

f(#) = exp(ayty) I:[z exp{la; — a;_1(pia/p)?] 1:}. ©

Generation of the invariant masses with the frequency of Eq. (8) yields
Lsaafpa)®> =1 — (2[D). (10

Replacing (u;._1/u;)* by this average value in the exponent of Eq. (9) and letting
all of the a, have the same value a, one has

n—1

(¢) = explaty) [] pi expl(2/i) at]. (11)

=2

By comparing this frequency distribution with the integrand, r(¢), of Eq. (2)
the reasons for its loss of efficiency with increasing multiplicity becomes apparent.
The less dramatic loss of efficiency with increasing energy is not illustrated because
of the approximations employed in obtaining Eq. (11). Compared with the multi-
peripheral model of Eq. (2), the frequency f(¢$) of Egs. (7) and (11) overpopulates
large values of invariant masses p, , while underpopulating the regions of low-four-
momentum transfer squared ¢; . From Eq. (11) it is clear that this trend is enhanced
with increasing multiplicity. The Monte Carlo event generator presented here
overcomes these difficulties by concentrating the invariant masses u,; at low values
and then generating each of the four-momentum transfers squared #; so that they
more closely resemble the distributions predicted by the multiperipheral model.

The invariant masses are generated first, in order, starting with the two-particle
system u, . That is,

pe = (E — Shn) pz + S35 (12)

where E is the center-of-mass energy of the reaction, S,, the sum of the final-state
particles’ rest masses, and S, the sum of the rest masses of the particles that compose
U - The dimensionless quantity p, is a random variable generated in the interval
0 to 1. The other invariant masses are obtained by

py = (E— Sy +8S; — my — py) ps + pig +my. (13)

Here m; is the mass of the ith particle and S; = Y, ; m; . Equations (12) and (13)
ensure energy conservation. The frequency distributions of the generated random
variables A;(p;) are arbitrary, but the choice determines the frequency distribution
of the generated invariant masses and thus effects the efficiency of the integration



MULTIPERIPHERAL EVENT GENERATOR 149

of a particular model #($). The methods employed by previous Monte Carlo
generators [2-6] for generating the invariant masses p; are equivalent to

hip) = (1 — p)"=*%, (14)

As illustrated above for the zero-rest-mass case, this leads to an overpopulation of
large values for these invariant masses when integrating the multiperipheral model.

In order to increase the population of low invariant mass events this generator
employs the frequency

hips) = exp(—bipy). (15)

The n — 2 parameters b; are chosen so that the resulting invariant mass distri-
butions resemble as closely as possible those predicted by r(¢), the model to be
integrated. For the multiperipheral model, Eq. (2), it can be shown [1] that

(i ~ B, (16)

Neglecting the rest masses of the final-state particles and assuming most of the
invariant masses have small values, one has approximately u, = Ep;, so that

hps) = exp(—byu;/E), an
for which

{pip = Efb; . (18)
Comparing Eqgs. (16) and (18), one finds
b; ~ E[{u;y ~ El-0-1n-1) o, pln—ijn-1) (19
Using this result as a hint, we parametrize
| by = by(E|Eg)—iin-b — 1. 20)

The values of the two parameters, b, and E,, are chosen so that the resulting
n — 2 invariant masses are generated as closely as possible to those predicted by
the multiperipheral model. This can be conveniently accomplished by generating
a sample of N events and choosing those values of E, and b, that minimize the
fractional statistical uncertainty in the Monte Carlo integration of r(¢). From
Eq. (3) it is seen that this is equivalent to maximizing the efficiency ¢ for the
integration.

This maximization can be carried out by performing a search in the two-
dimensional space for the maximum of the function

N 2 N
(b, o) = | X, @I 8] [N 3L rb0lf (o @

(]
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Here r(¢,;) is the value of the matrix element squared predicted by the model
for the ith event and 1/f(¢;) is the weight assigned by the event generator
the ith event. The search for the optimum values of E, and b, can be performed
by using one of the many computer codes that otpimize a function of several
variables. Using MINF68 [8], acceptable values for the parameters are usually
obtained after four or five iterations, Since only relative values of e(b,, E)
are important in the search, the random number generator employed by the
event generator should be initilized to the same stating point for each evaluation
of e

The optimum number of Monte Carlo events N used for the evaluation of € in
the search depends upon several factors. The larger N, the more accurately the
solution to the search will represent the best efficiency, and the solution values of
the parameters will be the best ones for the Monte Carlo integration. However,
the computational time required for the search increases linearly with increasing N.
Thus, the time required for the search must be balanced with the computational
time required for the ultimate generation of events for the integration of r(¢).
This latter time increases linearly with decreasing efficiency. Empirically, it has
been found that the choosing of N such that Ne = 100 gives an adequate estimation
of the best values for the parameters.

After generating the invariant masses, the four-momentum transfers squared ¢;
are generated with the frequency

n—1

1@ = exp | 3 dits — 1] 22)

The (n — 1)d; are chosen so as to populate the ¢; as closely as possible to those
predicted by the multiperipheral model Eq. (2). The Monte Carlo event generators
described in Refs. [3, 5] used d; = a; for all values of i. For the zero-rest-mass
case Eqgs. (9) and (10) indicate that

d; = afll — (@a/a)(1 —2[i)], d =a (23)
would be a better choice. In general Eq. (9) suggests that
d; = /[l — (a;_/a)(Ri-a/p)®], d=a (24)

is'a good prescription, where the average {((i;_,/p;)*> is evaluated for the frequency
distribution of the generated invariant masses. For the invariant mass distributions
implied by Eqgs. (12), (13), (15), and (20) this average value is difficult to evaluate.
Therefore we simply take

d, =d, +dG—1). (25)

The best values of d; and d’ can be obtained by searching for the maximum of
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the efficiency, Eq. (21), in the space of these parameters. Since the best values of
these parameters depend upon the generation frequencies of the invariant masses,
they will depend upon the values used for b, and E,, Eq. (20). Therefore, the
optimization for b, and E, should be performed before the optimization for
d; and d'. Another procedure is to search for the maximum of the efficiency in the
space of all four parameters simultaneously.

To the extent that the approximations leading to Eqgs. (20) and (25} are satisfied,
the four parameters by, Ey,d, , and 4’ should be independent of energy and
multiplicity. Table II gives the solution values of these parameters for the same
conditions described for Table 1. Inspection of Table II shows that each of the
parameters has a slow dependence on energy and a bit more rapid dependence
on multiplicity.

TABLE 11

Values of the parameters b, , Fy, dy, and d’ (see text) that yielded the efficiencies of Table Ib.

P —->50GeVic 200 GeV/c 1000 GeV/c
n
b, 24 2.2 1.8
4 E, 1.1 13 1.8
d, 34 3.7 37
d’ 0.62 0.39 0.34
by 3.2 2.9 24
8 E, 0.58 0.67 0.82
dy 4.7 4.8 4.7
d’ 0.72 0.44 0.30
b, 6.0 6.0 3.7
16 E, 0.34 0.48 0.41
dy 8.6 8.7 7.9
d’ 0.63 0.29 0.25

The procedures and parametrization discussed above are not limited to a
specific multiperipheral model {for example, Eq. (2)]. Any model with similar
characteristics can be integrated with comparable efficiency. The best values of
the parameters b, , K, , d; , and d’ can be found for any #(¢) by inserting it into
Eq.(21)andsolving for the maximum of the efficiency in the space of the parameters.
Also, one can alter the parametrization itself for sufficiently different models.
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